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Microwave Measurement of Dielectric
Properties of Low-Loss Materials

by the Dielectric Rod
Resonator Method

YOSHIO KOBAYASHI, MEMBER, IEEE, AND MASAYUKI KATOH

Abstract —Improvements both in accuracy and speed are deseribed for

the technique of measuring the microwave dielectric pror erties of low-loss

matenafs by using a dielectric rod resonator short-circuited at both ends by

two paraflel conducting plates. A technique for measuring the effective
surface resistance R. of the conducting plates is proposedto allow the
accuratemeasurementof the losstangenttan& By meansof the fhst-order
approximation, the expressionsare analytically derived for estimating the
errors of the measuredvafuesof relative perndttivity c,, tan 8, and R$, for
measuring the temperature coefficient of C,, and for determining the

required size of the conducting plates. Computer-aided measurements are

realized by using these expressions. It is shown that the temperature

dependence of R, should he considered in the tan 8 measurement. The

copper plates used in this experiment have the relative conductivity of

91.0 +2.7 percent at 20°C, estimated from the measured R. vahse. For a
99.9-percent alumina ceramic rod sample, the resutts measuredat 7.69
GHz and 25°C showthat c,= 9,687+0.003 and tan 8 = (1.6+0.2)x 10‘5.
The temperature coefficients measuredbetween25 and 100”C are 112x
10 ‘6/”C for c, and 23x 10 “flc for tan&

. I. INTRODUCTION

A DIELECTRIC ROD resonator short-circuited at both

ends by two parallel conducting plates is widely used

to measure the dielectric properties of high-permittivity

and low-loss materials in the microwave region [1]–[6]. For

the measurement of the relative perrnittivity c,, a high

accuracy within 0.1 percent can be obtained easily from

this method. For the measurement of the loss tangent tan 8,

however, its accuracy is considerably restricted by the

‘ tmcertainty in the actual value of the surface resistance R,

of the conducting plates, as discussed by Courtney [3]. It

becomes particularly severe for tan 8<5 x 10”. As com-

pared with that calculated using dc bulk conductivity, the

R. value is effectively increased not only by surface rough-

ness, oxidation, scratches, etc. [7], [8], but also by the

excess conductor loss due to the coupling elements at-

tached. We should also take account of the temperature

dependence of R,.

In this paper, a technique for measuring the effective

value of R ~ involving all effects described above is pro-

posed to allow the accurate measurement of tan 8. To put

this technique into practice, the precise design of two

Manuscript received October 2, 1984; revised February 11, 1985.

The authors are with the Department of Electrical Engineering, Saitarna

University, Urawa, Saitruna, 338 Japan.

AZ

4 ‘: -~ .<“-- -..

~‘=&J
I[@5”’Er

-1

,,-----
o’

Y

,/! ,,
Dielectric

Conduetingx plates rod

Fig. 1. Configuration of a dielectric rod resonator short circuited at

both ends by two parallel conducting plates.

dielectric rod resonators with different lengths and a clear

identification of the TE 011 ~d TEol/(1 2 2) resonant modes
from other modes are required. They can be realized suc-

cessfully by the use of mode charts presented in a previous

paper [9]. Furthermore, the expressions for estimating the

errors of the measured values of ~,, tan 8, and R,, for

measuring the temperature coefficient of ~,, and for de-

termining the required size of the conducting plates, are

derived analytically by means of the first-order approxima-

tion. Computer-aided measurements are realized by using

these expressions. The availability of this method is verified

by actual dielectric measurements.

II. GENERAL ANALYSIS

A. Measurement of Complex Permittivity

A configuration of a dielectric rod resonator used in the

dielectric measurement is shown in Fig. 1. Here a cylin-

drical dielectric rod sample of diameter D and length L is

placed between two parallel conducting plates of diameter
d. The required size of d will be discussed later. The

permeability of the rod is assumed to be equal to that of a
vacuum. The values of c, and tan 8 of the rod can be

obtained from the measured values of the resonant

frequency f. and the unloaded Q, QU for the TEo~, mode

this resonator.

At first, C, is given by [1], [2]

():: 2( U’+V’)+1<r= — (1)
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Fig. 2. Chart for complex permittivity measurements (1%011 mode).

where

(2).2=(:~[(~)2-q
~_~A_2

“-f”’ ‘- 1 ‘
l=i,2, . . . . (3)

Here, X. is the resonant wavelength, c is the light velocity

in a vacuum, and Ag corresponds to the guiding wave-

length of an infinitely long dielectric rod waveguide. Fur-

thermore, U* is related to U* by the following transcenden-

tal equation:

JO(U) KO(V)— ._—
‘J,(u) ‘K,(v)

(4)

where Jn( u) is the Bessel function of the first kind and

K.(u) is the modified Bessel function of the seeond kind.

For any value of v, the M th solution u exists between uo~

and Ulm, where Jo(uo~) = O and J1(ul~) = O. The first
solution (m =1) is shown in Fig. 2 by curve A.

In the following, tan 8 is given by Hakki and Coleman

[1] as

tantl = ~ – BR,
Q.,

where

A=l+:
r

()

3 l+W
B=~—

g 307?%,1

~= J;(u) KO(V)K2(V)-K:(V)

K;(v) J:(U) –JO(U)J2(U)

r

~foP
R,= — =0.825 x10-2

o F%]

(5)

(6)

(7)

(8)

E=?.
(JO

(9)

The function W, which is the ratio of electric-field energy

stored outside to inside the rod [10], is represented as the

function of v, for u is the function of v in (4). The

computed result of (8) for m =1 is shown in Fig. 2 by

curve B. As v increases, W decreases monotonically; more

energy is concentrated into the rod. Also, the wnductivity

u and the relative conductivity ii are the effective values

associated with R,. The second expression of (9) was

calculated using the conductivity of the international

standard annealed copper, U. = 5.8X 107 S/m, and the

permeability for a nonmagnetic metal, p = PO = 47r X 10-7

H/m.

B. Measurement of Surface Resistance

For low-loss materials having tan~ below 5 X10-4, the

terms A/Qt, and BR, in (5) are of the same orders of
magnitude when the TEOII mode is used. Therefore, the

accm,ate effective value of R, at the temperature in the

measurement is required to measure tan 8 with high accu-

racy; so a technique to measure R, using the same instru-

ment as used for the dielectric measurement, as in Fig. 1,

was developed. In this technique, we use two rod samples

cut from a dielectric rod, which have the same diameters

but different lengths; one rod for a TEO1, resonator is 1

times as lonlg as the other for a TEOII resonator, where

1>2. We denote the quantities for both resonators by

subscripts 1 and 1, respectively. While fo, = fol, itfollows

that Q.l > QUI because of the different effects of conductor
loss on the Q. values. Owing to the fact that both rods

have the same tantl values, (5) yields

()o =-k-a “o)R,= 30w2 ~
3C, +W I

Thus, R, and ii in (9), can be determined from the

measured vadues of Q .I and Q.,. The difference between

the Qul and Qul values increases with c, and L more
precise R, measurement can be attained as seen in (22)

derived later. The substitution of (10) into (5) yields

(11)

which is independent of R ~ and therefore allows precise

measurement of tan&. It is difficult to precisely machine

samples to the designed dimensions. In this case, we use

the following expressions instead of (10) and (11):

(12)–F%),~,(fo) =cl:c, QuI

(Cl Al C[ Al
tand=— —–——

G – G QuI G Q.~ )
(13)

which are derived from (5) by using the relations

where f. is chosen arbitrarily near fol and fol.

C. Preparation of Rod Sample

In the design of the resonators, at first, the trapped state

condition for the TEo~, mode must be satisfied [9]; that is,

D 2uom
— > xc,
L

xc = .lO(uom) = o (15)
llr~ ‘
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where xc is a cutoff value of the TEO~l mode. In this state,

the energy is trapped in and near the rod, while for

D/L < XC, the resonance is in the leaky state, which is not

suitable for the measurement since the energy leaks out in

the radial direction. As e, to be measured is lower, a larger

value of D/L is needed. Additionally, the proper rod

dimensions must be determined with good mode sep-

aration lest the TEO~, mode be disturbed by the adjacent

modes. The mode charts are useful for this purpose [9]. For

the TEO1l mode with C,> 10, for example, the range of
D/L =1.4 to 1.8 should be avoided because there are the

low-Q leaky state modes TMZIO and TM020 near this

mode. In this case, the suitable ranges are D/L= 1.0–1.3,

1.9–2.3, 3.0–3.3, etc.

D. Error Estimation of Measured Values

The expressions for estimating the mean-square errors of

the measured values c,, tan &, and R, were derived by

means of the first-order approximation. Let the small

change of any quantity x be Ax. The error of c, in (1) is

mainly determined by the errors of D, L, and ~.. Then Ac,

is given by (see Appendix)

Ac, = AcD + AcL + Acf (16)

where

– V2W AD
AcD= –2(c, –l)”~2+U2 ~ (17)

AcL = – 2(1 + W) :22++E;2 : (18)

Afo
A~~=–2(c, +W)—

fo “
(19)

When the mean-square errors_~, AL, and Af. are esti-

mated, the mean-square error At, can be estimated from

(X)2 r =( D)2+(m)2+(Ff)2, (20)

A similar procedure is followed for the error estimation of

the other quantities. The error of tan~ in (5) determined

mainly by the errors of QU and R, (or u) is estimated from

A AQu ~RARS_. —A AQU ● BR, Au

‘tand =-~ Q. ‘R. Q. Q. 2 O“

(21)

Also, the errors of R, and tani3 in (10) to (13) determined

mainly by the errors of QUI and QUl are estimated, respec-

tively, from

R,

(

AQui

‘R’ = Qul - QuI
Qu[ Qul

%-QUIZ

)

(22)

AtanS =
tan S

(

AQ.1

lQul– QuI )

lQu,~ – Q.,= . (23)

The effects of the other error factors Ac,, AD, AL, A fo,

etc., on AR ~ and A tan 8 are very small.

E. Measurement of Temperature Dependence of Complex

Permittivity

We first consider the case of c,. If the small linear
changes Ac,, AD, AL, and Af. in (16)–(19) are caused by

the temperature change AT°C of the structure, the follow-

ing simple expression is derived from dividing both sides of

(16) by c,AT

(24)

where

1 Ac, 1 Afo 1 AL
1 ~. (25)

“=<w ’
Tf= j--, ‘L= ZZ=ii AT

Here, ~e is the temperature coefficient of c., rf is the

temperature coefficient of fo, and ~~ is the coefficient of

the thermal linear expansion of the rod assumed to be

isotropic. Thus, ~c can be obtained from the measured

values of I-- and r~.

When the temperature dependence of tan 8 is measured,

that of R. or u should be taken into account. At DC, the

relation between u(T) at temperature T°C and U(TO) at

temperature ToOC is given, in customary form, by

dTo)
u(T) =

l+(.Y(T-TO)
(26)

where a is the temperature coefficient of the resistivit y

l/u, e.g., the published value for copper is a = 3.93x 10-3

at To = 20° C. Assuming the relation is held in the micro-

wave region as well, we can rewrite (5) as follows:

— – BR,o/~
‘an8(T) = QU;T)

(27)

with R,. = (~fop/u(To))’z2. Here, we may assume that A,
B, and R,. remain constant on the temperature change,

since the changes of D, L, fo, and c, are usually small.

Also, the relation between AQU(T) and A tan 8(T), both

caused by the change from To to T, is derived from (27) by

means of the first-order approximation and is given by

A AQU(T) 1
Atan8(T)=z

u Q.

– ~aBR,o(T– To). (28)

If putting A tan 8(T) = O in (28), we can calculate

AQu(T)/Qu caused by a alone; e.g., for the cases c,= 37.7

and 9.8, treated later, we obtain AQU(T)/QU = 0.120 and

0.167 for copper when T – To= 100°C, respectively. These

magnitudes could never be neglected since the precision in

the Q. measurement is about 1 percent.

F. Required Size of Conducting Plates

In the analysis described above, the conducting plates

have been assumed to be infinitely large (d= co). In prac-

tice, however, since the field outside the rod decays rapidly
in the radial direction, a suitable finite size of the plates is

permitted, in so far as the influence on the measurement is
negligibly small.

Let c, and tan S be the values obtained from given

values of f. and QU for a structure in the case of d = co.

Then define Ac,(S) by Ac,(S) = C, – c;, where ~; is ob-

tained from the same f. value for a structure short-cir-

cuited with a conducting ring of diameter d, as illustrated

in Fig. 3. Also define Atani3(S) by Atan8(S) = tan~ –
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Fig. 3. Size ratio S required for the permissible error Ac,(S).

tan ii’, where tan 8’ is obtained from the same QU value for

a structure enclosed with an ideal wave absorber, in which

the energy is perfectly dissipated without reflection, as

illustratedin Fig. 4. If d = co, A~,(S) = O and Atan8(S) =

O. The required size ratio S = d/D can be determined

analytically from the viewpoint of the permissible magni-

tudes of A<,(S) and A tan 8(S). They are expressed by

Ac,(S) g(u) 2U

[

10(V)

1

ll(U) Kl(su)— .— — ——
Cr-l f’(u) U2+U2 K3(u) + K,(u) ll(sO)

(29)

KO(SU)K2(SU)–K;(SU)
c, Atan8(S)=SW

Ko(v)K2(u)– K/(u)
(30)

where the functions g(u) and j’(u) are given by (34) and

(35) in the Appendix, and 1.(U) is the modified Bessel

function of the first !cind. The derivations are described

elsewhere [10]. The results computed from (29) and (30) are

shown in ,Figs. 3 and 4, respectively. As u is smaller, the

energy stored outside the rod increases and then the larger

value of S is neede’d. Since A~,/t, of 0.1 percent is attained

easily, the S value should be sufficiently large to satisfy

AC,(S)/Cr <0.01 percent at least. For low-loss materials,

the influence of S on tan 8 is more severe than that on c,.

For example, if a sample having c,= 10 and tan 8 = 10’4 is

measured at u’ = 2.6 and S = 3.5 at which two curves for

Ac,(S)/(C, –1) =10-4 in Fig. 3 and c, Atanti(S) =10-4

in Fig. 4 intersect, then Ac,(S )/c, is attained of 0.01

percent, but Atari 8( S)/tan 8 becomes 10 percent, which is

too large.
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Fig. 4. Size ratio S required for the permissible error Atan8(S).

G. Computer-Aided Measurements

Graphical calculations described above are rather tedi-

ous and there are many opportunities for errors. Then a

BASIC program for a personal computer (NEC: PC-9801)

was developed. In the calculation of c,, the Newton-

Raphson iterative procedure was used to solve (4). The

right side of (4) is first calculated after the v value is

determined from the measured values. As an initial value

of u, uo~ is then tried in (4) and then sufficient iterations

are performed to give a solution. Once the solution u is

obtained, other quantities can be easily calculated from the

expressions derived above. Thus, outputs c,, tan 8, ~=P

A tan 8, Ac,(S), and Atani3(S) werp obtained from in~u~s——
m, 1 (for TE~lWl), D, L, jo, Q., i“, WO°C), AD, AL Afo,
AQU, Au, andl d. It takes only 30 seconds for a single run.

III. EXPERIMENT

A. Dielectrometer

A photograph of a dielectrometer used in the measure-

ment is shown in Fig. 5. It is simply constructed frOrnl a

disk-type micrometer with parallel measuring faces 20 mm

in diameter, two flat conducting plates, and two semi-rigid

coaxial cables, each of which has a small loop at the top.

As instant adhesives, a minimum amount of grease was

used to hold the conducting plates on the upper and lower

measuring faces of the micrometer. A dielectric rod sample

is placed near the center on the lower plate. Then the upper

plate is lowered to gently touch the top face of the rod so

that the rod length is not changed by excessive mechanical

pressure. A transnjssion-type resonator was constructed

and undercoupled equally to the input and output loops.

The resonant frequency ~. for the TEOM, mode, the
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Fig. 5. Photograph of a dielectrometer used in the measurement.
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Fig. 6. Air-gap effect on the permittivity measurement.

half-power band width fz – fl, and the insertion loss lLO

[dB] at f. were measured using an HP Network Analyzer

8410S by means of the swept-frequency method. In the

experiment, the shift of f. due to field disturbances was to

within 0.001 percent when lLO >20 dB. Also, the un-

loaded Q, QU is obtained from the loaded Q, Q~ as follows

[11]:

Q.=~, Q.=~, .,=10-’’0[’’]’20.

(31)

B. Discussion of Air-Gap Effect

We use the mean diameter D as D, and the maximum

length L~ (i.e., the distance between two conducting plates)

as L. In this case, it is asserted [2] that air-gaps at the

rod–plate interfaces do not affect the measurement. This

verification is given in Fig. 6. In the figure, the open dots

show the experimental C, values obtained from (1) by

~~~~
8082 84 8.6 a8 9.0 92 9.4

Frequency (GHz )
(a)

&20

~ .3,

“~ &_4,

~ :-50
l-a

ao 8.2 8.4 8.6 8.8 90 92 9.4
Freque~” - (GHZ)

(b)

Fig. 7. Frequency responses for TEoll and TE014 resonators with E,=
37.6 and D = 8.50 mm. (a) TEOII resonator (.L = 3.572 mm). (b) TE014
resonator (L= 14.276 mm).

using the f. values measured as the air-gap distance M is

varied and the assumed rod lengths L + M. In a similar

way, a theoretical curve indicated by the solid line was

obtained from the f. values versus M accurately computed

for the TE018 mode by the mode-matching technique [12].

The agreement between both results is well within the

scatter Ac, = t 0.008, which corresponds to the uncertainty

in sample length AL = +0.001 mm. For M <0.1 mm, the

air-gap effect is not observed, while for M >0.1 mm, it

apparently decreases the <, values. Thus, the air-gap effect

is negligible since it is feasible to finish the rod surface to

within 0.01 mm,

C. Measured Results

Two samples for the R, measurement were cut from a

(Zr. Sn)Ti04 ceramic rod of c,= 37.6, tand = 1.8 x 10-4,

and D = 8.5 mm (Murata Mfg. Co., Ltd.): one is a disk of

D/L = 2.38 for the TE 011 resonator; the other is a rod of
D/L = 0.595 for the TE014 resonator. These D/L values

were determined from the mode charts [9]. The diameter d

determined from Fig. 4 for Atan8(S)/tan 8 = 0.01 percent

is 23 mm. We used a pair of copper plates of d = 70 mm,

and mechanically polished the inner surfaces which touch

the rod.

In the experiment, the desired TEOW, mode must be

identified. The mode charts [9] are also useful for this

purpose. The measured frequency responses for two reso-

nators are shown in Fig. 7, together with the theoretical

values. The measured resonant frequencies for the TE and
EH modes agree well with the theoretical ones, while those

for the TM and HE modes are increased by 1 to 5 percent

because of the air-gap effect. The TEOII and TE014 modes

were clearly identified. The measured results of c~, tan 6,

R,, and ii(20°C) are shown in Table I; their mean-square

errors estimated are about 0.05, 1.1, 1.5, and 3.0 percent,

respectively.
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TABLE I
THER, AND6VALUES OF COPPER PLATES MEASURED AT23°C

AND THE MEAN-SQUARE ERRORS

I 1

Resonant Mode ‘Eel 1 ‘Eel 4

D += [mm] 8.500 ~0.002 8.503 f0.002

~ [mm]Lm+ AL 3.572*0.001 14.276 ?0.001

fo+Afo [mm] 8923.34*1 .42 8923.16+0.35

QU+AQU [mm] 2237?1 4 4040?17

“2 13.340 13.373
2u 9.780 9.783

Er?z
r

37.60 i0.02 37.63 i0.01

w 0.09846 0.09823

tan 6iAtan 6 (1 .81+0.02)x10-4

R (23”c) [!2]
–5

(2.60 *0.04)x10-2 at 8.92 GHz

o (23”c) [%1 90.0 f2.7

G (20” C) [%] 91 .0*2.7

TABLE II

THS C, AND tan 8 VALUES OF 99.9-PERCENT ALUMINA

CERAMICS MSASURED AT 23°C AND THE MEAN-SQUARE ERRORS

~“” --- ‘––

F?%=E’-’

E
Lm * AL [mm]

foi~ [MHz]

Ert Acr

:U* AQ

rr(zo”:) [%1

A/Qu (xl O-S)

BR ~ (X IO-5)

-5,
tan 6 (x10

No. 1

E

No. 2 No. 3.-

16.013+0.001 16.006 16.006

9.239’ 0.001 9.028 9.185

7688.5110.40 7780.4 7717.0

9.687+0.002 9.706 9.680

9170190 8870 9170

91 .0(2.7 91.0 91.0

11.13+0.11 11.51 11.14

9.54+0.14 9.84 9.61

1.59+0.18 _ 1.67 1.53

In the following, three samples of 99.9-percent alumina

ceramics (NGR Spark Plug Co., Ltd.) were measured using

these copper plates. .The results of c, and tan 8 are shown

in Table II; their mean-square errors are about 0.02 and

11.3 percent, respectively. This high precision for c, allows

us to distinguish the scattering of the c, values for these

samples. The errors Ac,(S) =2.4 x10-7 and Atan8(S) =

1.8 X 10-9estimated for d =70 mm (S = 4.73) can be safely

neglected. Even if the other errors are considered, sample’

No. 1 has C,= 9.687+0.03 percent and tani3 =1.6 x10-5

+12 percent. In accuracy, these results compare favorably

with the results for a single crystal sapphire rod, c,= 9.41

+0.4 percent and tan~ =1.5x 10-5 +40 percent, mea-

sured at the National Bureau of Standards and reported by

Courtney [3].

To measure the temperature dependence of c, and tan 8

for sample No. 1, the resonator was placed in a tempera-

ture-stabilized oven as in Fig. 8; i.e., an upper copper plate

was merely put on the top of a rod placed on a lower

copper plate to secure free thermal expansion of the rod.

The measured results for tO and Q. are shown in Fig. 8.
Then, the ~, and tan 8 values versus temperature obtained

from (1) and (27) by using these results and by considering

the thermal expansion of rod dimensions are shown in Fig.

9. From Fig. 9, r,= 111.7 ppm/°C is obtained, while

r<= 111.4 ppm/°C is estimated from (24) using ~,= – 59.94
pPm/OC (Fig. 8) and ~~ = 5.4 ppm/°C (between

$? 7,68 -
-.

7,66 -

99.9 “L Nurnina(Sample 1)
D =16.013mm at 23~

7,6 L~= 9.239 mm 1

Copper plates of d=70 mm < ‘

F =660i 25 “1. at 23 “C

0“

8(XM -

r
t 1 1 I

90 110

Fig. 8. Temperature dependence of ~. and QU values measured for the
TEOII mode.

976

9.74-

&

970- 99.9 “10 Alumina

ErfT)=9.660{l+0,000112 (T-20)}

9.66 ‘ I , I 1 1 ! , 1

.a = o “ ,K

3 -
?:

. a =3.93 x10’(1/T “C) ,<’0
/

-- ‘e
G .,*,
%2 - .-

/w’.
~ /9-’ .

// tanii /T). t.46x105{li0023(T -20))
1 , ,
10 30 50 70 90 110

T (“C)

Fig. 9. Temperature dependence of C. and tan ~ values measured for
9!J.9-percent alumina ceramics (Sample No. 1).

2O–1OO”C). 130th r, values are in good agreement; thus, the

validity of (2,4) is verified. Furthermore, the comparison of

two results for tan 8 in Fig. 9 with and without considera-

tion of a shows the importance of taking the temperature

dependence of R. or u into account.

D. Other Theoretical Errors of c,

The other errors included in the c, value obtained from

(1) can be analytically derived by means of the first-order

approximation. Thus, intrinsic permittivity C,i is given by

().,, =., –2 * 2(l+w); –w(ga–l)– +(tan8)2
g

(32)

with 8,= l/uR,. The second term on the right side of (32)

represents the correction for the skin depth 8, of the

conducting plates; the third term for the permittivity of
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atmosphere surrounding the rod denoted C. (c= =1.0008

for the air); the fourth term for tan 8 of rod treated by

Hakki and Coleman [1]. For example, the estimation from

(32) for sample No. 1 alumina gives

E,i=9.687–0.92x 10-3 –0.17x10-3 –0.63x10-9

= 9.687 – 0.001.

Thus, these errors can usually be negleeted.

IV. CONCLUSION

The effective surface resistance of conducting plates R,

was determined accurately by measurement so that the

accurate measurement of tan 8 was realized. The expres-

sions useful for estimating the errors of the measured

values ~,, tan 8, and R,, for measuring the temperature

coefficient of E,, and for determining g the required size of

the conducting plates were derived by meaps of the first-

order approximation so that the computer-aided measure-

ment was realized. As a result, the dielectric rod resonator

method was improved both in accuracy and speed.

The accuracy of this measurement is summarized as

follows: it is within 0.1 percent for c,, about 1.5 percent for

R,, about 3 percent for U, about 1.2 percent for tanil =

10-4, and about 12 percent for tan 8 = 10-5. Also, the

resolution for the tan ~ measurement is the order of 10-6.

APPENDIX

We rewrite (4) as follows:

f(tf)= g(u) (33)

where

JO(U) Ko(u)
f(u)= zf~, g(u)= -urn. (34)

1 1

Then the differentiations of ~(u) and g(v) are given by

df (u) ~J:(u)– JO(u) Jz(u)— .—
du J:(u)

= f’(u) (35)

dg(u) ~ KO(U)KZ(U)– K;(U)— . .
dv K;(u) “

(36)

From (33), (35), and (36), we obtain the relation

du2 udu U du dg(v) SW—= —= —— _
dv2 vdv v df(u) dv

(37)

where W is given by (8). Then the propagation of error of

(1) is expressed by

Then, we obtain (16) through (19) from calculating each

term of (38) using (37).
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